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Abstract

In the design of multi-outlet irrigation systems, it is necessary to calculate the frictional energy
losses in pipes and determine the most economical and optimal diameter, for this, there are the
equations of Manning, Hanzen & Williams and Darcy & Wesbach. According to the above, the
objective of this work was to perform a mathematical physical analysis of the equations of energy
losses due to friction in pipes and fittings to generate at least one deterministic equation based on
the Manning and Darcy & Wesbach equation for the hydraulic design of multi-outlet irrigation and
reduce high costs in the operation of agricultural irrigation equipment. The study was conducted in
spring 2021, at the National Technological Institute of Mexico, Technological Institute of Torredn
campus. The equations of localized and frictional energy losses (Darcy & Wesbach and Manning)
were algebraically merged, and three deterministic equations were obtained for the design of
multiple outlets with a relative error range from -0.009 to 0.209% in relation to the equation
proposed by SARH 1979 (CENAMAR).
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Introduction

In the design of multi-outlet irrigation systems, there is a need to calculate energy losses due to
friction in pipelines (Pimenta et al., 2018) and determine the most economical and optimal
diameter (Espinosa et al., 2016; Melo et al., 2019). This loss is due to friction between the
particles of the fluid and the wall of the pipeline (Nosrati et al., 2017), for this, there are the
equations of Manning, Hanzen & Williams and Darcy & Wesbach. These equations have a
coefficient of multiple outlets or a factor of outlets or friction that makes it difficult to calculate
the number of drip emitters (emitters).

In addition, the Hanzen & Williams equation overestimates the costs of frictional energy losses
by 13% compared to Darcy & Wesbach (Flecha et al., 2010), which makes the operation of
irrigation equipment more expensive. Alegret and Martinez (2019) proposed a coefficient to
the Hazen & Williams equation based on relative roughness and the Reynolds number,
obtaining values very similar to the energy losses of the Darcy & Wesbach equation. Adams
(2016) combined the roughness of grains of sand with the Darcy &Wesbach equation and the
Coolebrock & White equation and determined the roughness coefficient of Hazen & Williams
with a deviation of 2.3%.

Jamil and Mujeebu (2019); Jamil (2019) determined an equation to calculate energy losses with
Darcy & Wesbach without the use of the friction factor and Reynolds number. Jiménez and
Ramirez (2018) combined the Manning and Darcy &Wesbach equation with the Christiansen
multiple outlets factor to determine the number of outlets using the Newton Raphson numerical
method. Wang et al. (2016) performed a hydraulic analysis of a drip irrigation unit with finite
elements and an iterative Gaussian elimination method, and it determined that a multi-outlet
irrigation line is an alternative to a branched system. Hassan (2017) developed a mathematical
model of linear programming in which he evaluated the costs and losses of energy in different pipe
diameters and determined that the best equations for energy losses were those of Darcy & Wesbach
and Manning. A mathematical physical analysis of the equations of frictional energy losses in pipes
and fittings was performed to generate at least one deterministic equation based on the Manning
and Darcy &Wesbach equation for the hydraulic design of multi-outlet irrigation.

Materials and methods

This work was carried out in the facilities of the Technological Institute of Torredn, located in the
Ejido Ana, Torredn San Pedro Road kilometer 7.5, in the parallels 25° 36’ 53’ of north latitude
and 103° 22’ 21°’ of west longitude.

Energy loss equation

Hassan (2017) developed a mathematical model of linear programming in which he evaluated the
costs and losses of energy in five nominal diameters of pipelines 3”, 3-1/2”, 4, 5 and 6” with the
equations of Hazen-Williams, Manning, Scobey and Darcy & Wesbach and determined that the
best equations for energy losses were those of Darcy & Wesbach and Manning. For this reason, in
this work the Manning and Darcy & Wesbach equations were used.
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Frictional energy loss equation

10
32T 42
Next, Manning’s frictional energy loss equation 1 is presented Hf=22 f;,q 1). Where: Hf= energy
n2d3
loss due to friction (m); g= pipe flow (m® s); L= pipe length (m); n= Manning’s roughness
coefficient; and d= pipe diameter (m).

Localized energy loss equation

V2 -
The Darcy & Wesbach localized energy loss equation. HL= K. = 2). Where: HL=localized energy

loss (m); KL= localized energy loss coefficient; v= velocity of the fluid (m); and g= acceleration of
gravity (m s). If the velocity is substituted in the previous equation as a function of flow and area,

: T e 8@
it results in: HL=K; d 3).

Analysis of an irrigating line

Figure 1 shows an irrigating line of emitters. When analyzing the irrigating line from right to left,
a flow ‘g’ circulates in the section of pipe one, a flow ‘2q” circulates in section 2, a flow ‘3q’
circulates in section 3, a flow ‘4q’ circulates in section 4 and so on. This means that the flow
increases by a ‘g’ in each section of pipe until the maximum expenditure of the pipe ‘Ng’ in the
‘NL’ section is reached. Therefore, frictional and localized energy losses are accumulating ina ‘q’
in each section of pipe through which the water circulates until having the total energy losses in
the ‘NL’ section and maximum flow ‘Ng’.

Tramo N Tramo 4 Tramo 3 Tramo 2 Tramo 1
NL L L L

| | | K | L] Ll L L] L]
Nq Direccién del flup — 4q 3q 2q q

Figure 1. Diagram of an irrigating line of drippers.

By adding the energy losses due to friction in each section from right to left, using equation 1, gives

10 10 10 10 10
. _ 430?L(1Q)% | 430n%L(2q)? | 43 n?L(3q)? 43n’L(Ng)? _ 4310°L(Q> «N -2
equation (4). Hfr= T+ T+ T eereens + = =)= 4). By
n2d3 n2d3 n2d3 n2d3 n2d3

adding the localized energy losses in each emitter from right to left, with equation (3), equation (5)

_ . 80192 8(2q)? 8(3q)? 8(4q)? SINQ? _ o, 8} N 2
I‘eSU|tS HLT— KL gn2d4 gn2d4 +KL gn2d4 +KL gn2d4 KL gn2d4 = KL gn2d4 i=1 1 5) By

adding the total energy losses due to friction ‘Hft’ (4), total localized energy losses HL+ (5) and if
factored, the equation of total energy losses in an irrigating line (6) results. frg=
10

—n2 2 2 .

)
2d3 gnzd

+K +
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Solving the sum of equation (6) and substituting it into the same equation, equation (7) results.

43n’Lg? 8q% | [2N*+3N%+N . 1o .
LK 24 ( )szTotal 7). Arranging terms “N” from the above equation, a
TEZdT gmn d 6

polynomial of the total energy of the irrigating line results the equation (8). 2N>+3N?+N-
6HfT tal
> =0 8).

10

3 12102 2

43 n“Lq 1K, 8q
16 gn2d4

n2d3

Solution of the polynomial of the irrigating line energy

The constant term is extracted from equation eight and if analyzed algebraically, equation 8.1
16

Hfroa *ngd3 . . . . .
results. K—% 8.1). Compacting equation 8, it transforms into equation 9.

46 gn2sq?+Ky q2d3
F(N)=2N>+3N*+N-K=0 9). The above equation consists of the following coefficients: a=2, b=3,
c=1and d=-K.

Next, equation (10) is presented, which solves equation (9) by generating the real solution of the

o 0] |

equation (9) into equation (10), equation (11) is obtained, which is the solution of equation (9).

PTG o

Analysis of the real solution of the polynomial of total energy of the irrigating line

) "> 10). Substituting the coefficients a, b and ¢ of

Equation 11 is composed of three terms (1°, 2° and 3°), the first two terms contain a variable and
the third term is a constant, these terms are presented below (equations 11.1, 11.2 and 11.3,
1 1

aE k [2 1| 1
11.); 2nd=5- [(3) -55| 11.2);3rd=-; 11.3).

respectively). 1st= %‘l‘

Statistical analysis of the number of outlets

The relative percentage error was determined, for this, the equation of Olivares et al. (2019) was
adapted, obtaining the following equation. Relative error (%)= (Ne N) 100 12). Where: relative

error (%) = is the percent of relative error, N= number of emitters with equation (11); Ne= number
of drippers estimated with equation 11.1.

To estimate this error, an electronic spreadsheet (Excel) was used for each of the equations that
determine the number of outlets. Table 1 shows the numerical value of ‘N’ number of emitters (11),
the error in the percentage of ‘N’ number of emitters in relation to the first term ‘1st’ (11.1), the
partial solution of the terms (1°, 2° and 3°) to the total solution of the polynomial, as well as the
contribution to the solution in percentage of each of the terms.
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This table shows that regarding the contribution of the first term ‘1°” in the column of partial
solutions, the decimal part of these values tends to be constant as N increases and in the column of
contribution to the solution, it tends to decrease. The contribution of the second term 2°” in the
partial solutions column tends to zero when ‘N’ takes values equal to or greater than 87 and in the
column of contribution to the solution, it tends to a small value when ‘N’ is equal to 87 outlets.
Likewise, the contribution of the third term 3°” serves as a correction factor to the solution and
tends to decrease significantly in the same number of outlets in the column of contribution to the
solution. This means that the compact solution of equation (9) is summarized in the first ‘1°” and
1

: : - . K K2 1|
third <3°* term of equation (11), resulting in equation 13. N= il (Z) -S| -3 13).

Table 1. Analysis of the real solution of the polynomial of total energy of the irrigating line.

Partial solutions Contribution to the solution (%)
K N ‘N’ error (%)

1° 2°  3° 1° 2° 1° 2°
2.8 1 10.38 1.1 04 -05 11038 39.71 -50.09 60.29
25 2 15.52 232 019 -05 11552 9.37 -2489 90.63

77 3 12.33 338 013 -05 11233 430 -16.63 957
171 4 10.01 4.41 0.1 -05 110.01 248 -1249 97.52
319 5 8.38 542 008 -05 10838 161 -9.99 98.39
533 6 7.2 6.44 0.07 -05 1072 113 -8.33 98.87
825 7 6.3 744 0.06 -05 106.3 0.84 -7.14 99.16
1206 8 5.6 845 0.05 -0.5 1056  0.65 -6.25 99.35
2288 10 4.58 1046 0.04 -05 10458 0.42 -5 99.58
10673 17 2.79 1748 0.02 -05 102.79 0.15 -2.94  99.85
51 268 29 1.67 2949 0.01 -05 101.67 0.05 -1.72  99.95
257 445 50 0.98 50.49 0.01 -05 100.98 0.02 -1 99.98
1339615 87 0.57 87.5 0 -05 10057 0.01 -0.57 99.99
458 199 133 0.37 1335 0 -05 100.37 0 -0.38 100
20 015 200 215 0.23 21550 0 -0.5 100.23 0 -0.23 100
78 955 400 340 0.15 3405 0 -05 100.15 0 -0.15 100
576 300000 660 0.08 6605 0 -0.5 100.08 0 -0.08 100
2003002 000 1000 0.05 10005 0 -0.5 100.05 0 -0.05 100

Data calculated using equations 11.1,11.2, 11.3, 12 and 13. Where: K= constant of the polynomial; N= number of
emitters; 1°= first term; 2°= second term; and 3°= third term of the equation.
Equation 13 consists of two variable subterms, which are presented below. Subterm 1= n 13.1);

Subterm 2= (%)zé 13.2).
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Table 2 shows the numerical value of ‘N’ number of emitters (11), the values of ‘subterm 1’ (13.1)
and ‘subterm 2’ (13.2), the numerical value of ‘modified N’, calculated with the sum of equations
13.1 and 13.2 that represents equation (11.1); the ‘N’ error determined with the values of ‘modified
N’ and the values of ‘N’, calculated with equation (12).

This table shows the contribution of subterm 1 and subterm 2, where it is observed that there is
little difference between the two columns when ‘N’ takes values from one to seven and the values
of the two subterms are equal when N is equal to or greater than eight. This is because the
subtraction of one twelfth to the second term of the equation does not affect the value of subterm
two, comparing the contribution of the two subterms when ‘N’ takes a value of 87 the ‘N’ error
calculated with equation 12 is 0.6 percent. Therefore, the value of -1/12 of the ‘subterm 2’ is

removed, giving rise to equation (13.21). Subterm 2= % 13.21)

Table 2. Analysis of the subterms of equation 21 (real solution of the polynomial of total
energy of the irrigating line).

K N Subterm 1 Subterm 2 Modified N °N’ error (%)
2.9 1 0.7 0.7 1.1 10.8
25 2 6.3 6.2 2.3 15.5
77 3 19.3 19.2 3.4 12.3
171 4 42.8 42.7 4.4 10
319 5 79.8 79.7 5.4 8.4
533 6 133.3 133.2 6.4 7.2
825 7 206.3 206.2 7.4 6.3
1206 8 301.5 301.5 8.4 5.6
2 288 10 572 572 10.5 4.6
4 886 13 12215 12215 13.5 3.6
10 673 17 2 668.3 2 668.2 17.5 2.8
51 268 29 12 817 12 817 29.5 1.7
257 445 50 64 361.3 64 361.2 50.5 1
1339615 87 334 903.8 334 903.7 87.5 0.6
4 758 199 133 1189 549.8 1189 549.7 133.5 0.4
11 761 000 180 2 940 250 2 940 250 180.5 0.3
20015 200 215 5003 800 5003 800 215.5 0.2
78 955 400 340 19 738 850 19 738 850 340.5 0.1
576 300 000 660 144 075 000 144 075 000 660.5 0.1
2003002000 1000 500 750500 500 750 500 1 000.5 0

Data calculated using equations 11, 13.1, 13.2 and 12.

1
By merging subterm 1 (13.1) with subterm 2 (13.21), equation (14) results as follows: N= [%]3
14).
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Deterministic equations

1

1673
3 2 47T
Joining equation (8.1) with equation (14) results in equation (15). N= /s Wiroa)r gd3] 15).

1 4
43 gnzsq2+KLq2d3

Adding the constant term (11.3), which has a value of (-1/2), to equation (15) results in equation
1

1673
3/8 (HfTotal)nzgd 3 1 16
11 - 5 )

473 gn?sq?+Ky q2d3

(16). N=

Table 3 shows the ‘N values’ calculated with equations (15) and (16) and their respective relative
errors based on equation (11), calculated with equation (12). Equation (16), as N is greater than 87
emitters, errors are zero compared to equation (11), while in equation (15), errors tend to zero from
87 emitters. Equation (16) has a better fit than equation (15), with errors ranging from -37.28% for
one emitter and -0.01% for 87 emitters. Equation (15) has a lower fit compared to equation (11),
with errors ranging from 12.35% for one emitter and 0.56% for 87 emitters.

Table 3. Relative errors of equations 15 and 16, in relation to equation 11.

K ‘N’ values in the equations ‘N’ errors (%)
11 15 16 15 16
2.9 1 1.1 0.6 12.35 -37.28
25 2 2.3 1.8 15.54 -9.35
171 4 4.4 3.9 10.01 -2.48
533 6 6.4 5.9 7.2 -1.13
1206 8 8.4 7.9 5.6 -0.65
2 288 10 10.5 10 4.58 -0.42
10 673 17 17.5 17 2.79 -0.15
51 268 29 29.5 29 1.67 -0.05
257 445 50 50.5 50 0.98 -0.02
1339 615 87 87.5 88.3 0.56 -0.01
11 761 000 180 180.5 180 0.28 0
78 955 400 340 340.5 340 0.15 0
576 300 000 660 660.5 660 0.08 0
2 003 002 000 1 000 10005 1 000 0.05 0

Data calculated using equations 11, 12, 15 and 16.
Validation of deterministic equations
For the validation of the deterministic equations (11, 15 and 16) it was necessary to design an

irrigating line in an Excel spreadsheet. For this purpose, the following data and calculations are
presented.
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Design of an irrigating line

An irrigating line was designed with the methodology proposed by the National Center of
Advanced Irrigation Methods (CANAMAR, 1979) belonging to the Secretariat of Agriculture and
Hydraulic Resources (SARH).

Selection of the dripper

A non-self-compensated dripper with a consumption greater than one liter per hour was selected,
the selected dripper was that of low spending Rivulis E1000 (Rivulis Irrigation Inc; San Diego,
CA, USA), the technical data are presented in Table 4.

Table 4. Hydraulic behavior of the Rivulis E1000 low-spending dripper.

Hydraulic load (m) Flow (L h'h)
8.156 1.84
10.195 2.05
12.234 2.25
14.273 2.42
16.312 2.594
18.351 2.74
20.39 2.864

Rivulis E1000 technical data.
Hydraulic model of the dripper

The technical data of the dripper underwent a potential regression analysis in an Excel spreadsheet,
the results are shown in Figure 2.

3.00

g
=2}
=3

y = 0.6622x0-4875
R? = 0.9996

Gasto (Iph)
Il I ol
el Pl [=1]
= = (=]

[
o
S

=
)
=]

8.00 11.00 14.00 17.00 20.00

Presion (m)

Figure 2. Regression analysis of the dripper (Rivulis E1000) to estimate the values of k and x.

The results allowed determining the components of the hydraulic model of drippers, where the
value of coefficient ‘k’ was equal to 0.6622 and the value of ‘x’ was 0.4875 exponent (Figure 2).

784



Rev. Mex. Cienc. Agric. vol.12 num.5 June 30 - August 13, 2021

Calculation of the operating pressure of the irrigating line

The operating pressure of the dripper irrigation line was also determined with equation (17).
1

qm

( %Vg
100

flow of the dripper (2 L h); %Vg= percent of flow variation between the first and last dripper
(5%).

H0=

)0,5] 17). Where: Ho= hydraulic load of operation of the dripper (m); gm= average

Calculation of permissible energy loss in the irrigating line

The calculation of the permissible energy loss was determined with equation (18). Dh=H, |1-

1

(1001-(1;/8\/g);l 18). Where: Dh= permissible energy loss (m).

Selection of diameters for the calculation of the number of drippers in the irrigating line
Eight diameters of PVC (polyvinyl chloride) pipeline were selected, for this purpose, the English
series Amanco (Orbia Inc; San Francisco CA, USA) was selected because this type of pipeline has
semi-equidistant internal diameters (Table 5).

Table 5. Internal diameters of English series Amanco PVC pipeline.

Internal pipe diameters (mm)

Nominal diameter (mm)

RD-13.5 RD-26 RD-32.5 RD-41
13 17.5
25 27.8 29.8
38 40.5 43.9
50 50.7 55.1
75 81.5
100 104.9 106.7 108.1
150 154.5 157.3 159.5
200 201.3 204.9 207.9

Amanco (San Francisco, USA).
Calculation of the number of drippers in different internal pipe diameters

An irrigating line was designed by determining the number of drippers that can be installed in
1

3
HfTotaI

2La2 Ky g2
1029n°Lq” Kpg” ) (1, 1 1
16 2gA J\3 2N ¢N2

a3

19).

different internal pipe diameters (Table 5) with equation 19. N= <
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Where: N= number of drippers; A= cross-sectional area of the pipe (m?); KL= dripper insertion
coefficient (0.5); n=roughness coefficient of PVC pipe (0.0079); Hfrowa= total energy loss, for this
case, a single irrigating line was designed Hfrota= Dh. The number of drippers was calculated with
equation 19 and equations 11, 15 and 16. The percent relative error was determined with equation
12 based on equation 19 (Table 6) (statistical analysis of the number of outlets).

Results and discussion

When generating the deterministic equations for the design of multiple outlets (equation 11, 15
and 16), a comprehensive analysis of energy losses in pipes associated with roughness, fittings
according to Haddad (2019); Tas et al. (2020), and diameters according to Vilaca et al. (2017),
in the hydraulic design and analysis, the outlet flow of the emitter was taken into account
according to Sadeghi et al. (2016); likewise, the energy losses in the fittings of the irrigating
line were accurately determined as they can vary from 6.3 to 49% (Wang and Chen, 2018).
However, Wang et al. (2019) report that the relationship of minor and total load loss in a
pipeline can reach 71.71%.

According to the literature discrepancies of energy losses in fittings or localized, the equation of
localized energy loss (4) was algebraically considered in the generation of the three deterministic
equations (11, 15 and 16). Regarding energy losses due to friction in pipes, Monserrat et al. (2018)
points out that the maximum length of an irrigating line on leveled soil tends to be the same for
any slope and facilitates economic optimization, while Wang et al. (2018) reported that minor
losses and friction losses are closely related to dripper spacing, which is why the frictional energy
loss equation (5) was used algebraically.

Table 6 shows the relative errors in percent of the three deterministic equations (11, 15 and 16)
compared to equation (19). Equation (11) has a minimum value of -0.009% and a maximum value
of 0.006%, equation 15 has a minimum value of 0.007% and a maximum value of 0.209%, and
equation 16 has a minimum value of -0.009% to a maximum value of 0.008%. The equation that
has the best fit in descending order is equation 16, 11 and 15, this is because equations 16 and 11
have all the terms of the solution of the cubic equation (19). However, the overall error of the three
equations ranges from -0.009 to 0.209% (Table 6).

This range of errors is smaller than that determined by Baiamonte (2015), who presented a
procedure of four implicit equations to design irrigation lines of emitters with relative errors smaller
than 2% and Baiamonte (2017), who simplified an analytical procedure for the optimal design of
irrigation lines of emitters with errors lower than 1.9%. On the other hand, Monge et al. (2019)
determined energy losses in a multi-gate bamboo conduction pipe using the Darcy & Wesbach,
Manning and Hazen & Williams equations and determined that the Darcy & Wesbach and Manning
equations better estimate energy losses for rough pipes. Similarly, Tas and Agiralioglu (2018)
calculated the energy losses in pipes and determined that the Darcy & Wesbach and Manning
equations are the best.
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Table 6. Values of ‘N’ number of drippers with different equations and relative errors for
different internal diameters of PVC pipes.

Internal diameter Values of ‘N’ in the different equations Relative errors of ‘N’ (%)
(mm) 19 11 15 16 11 15 16
175 229.12 229.1 229.6 229.1 -0.009 0.209 -0.009
27.8 460.35 460.33 460.83 460.33 -0.004 0.104 0.004
29.8 509.82 509.86 510.36 509.86 0.008 0.106 0.008
40.5 795.11 795.09 795.59 795.09 -0.003 0.06 -0.003
43.9 892 892.04 892.54 892.04 0.004 0.061 0.004
50.7 1093.85 109392 1094.42 1093.92 0.006 0.052 0.006
55.1 1229.82 12298 12303 122938 -0.002 0.039 -0.002
81.5 2118.86 2118.83 2119.33 2118.83 -0.001 0.022 -0.001
104.9 299535 299532 299582 2995.32 -0.001 0.016 -0.001
106.7 3065.76 3065.73 3066.23 3065.73 -0.001 0.015 -0.001
108.1 3120.79 3120.77 3121.27 3120.77 -0.001 0.015 -0.001
154.5 5069.87 5069.84 5070.34 5069.84 -0.001 0.009 -0.001
157.3 519459 519456 5195.06 5194.56 -0.001 0.009 -0.001
159.5 5284.14 528411 528461 5284.11 -0.001 0.009 -0.001
201.3 724719 724717 7247.67 7247.17 0 0.007 0
204.9 229.12 229.1 229.6 229.1 -0.009 0.209 -0.009
207.9 326.98 326.97 327.47 326.97 -0.003 0.15 -0.003

Data calculated using equations 11, 15, 16 and 19.

According to the results of the authors mentioned before and the results of Table 6, the relative
errors of ‘N’ are acceptable for equations 11, 15 and 16 and can be used in the design of agricultural
drip and sprinkler irrigation.

Conclusions

It was possible to generate three deterministic equations based on the Darcy & Wesbach and
Manning equations, (one of total solution equation (11) and two compact equations (15) and (16)),
for the design of agricultural drip irrigation systems. In the three equations generated, it was
observed that as the number of emitters (drippers) increases, the error of the equations tends to
zero. The relative error for calculating the number of emitters in different internal diameters of
PVC pipeline ranged from -0.009% to 0.209% for the three equations.
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