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Abstract 
 

The approximations for the estimation and projection of soil loss in hydrological basins, vary from 

the empirical equations, to the use of models based on environmental physics. The objective of this 

study was to generate and propose the use of a logistic differential equation for estimating soil loss. 

By using an exponential model under conditions of soil deterioration, the yield loss of the corn 

crop was estimated at 3.5 t ha-1, going from 4.5 to 1 t ha-1. The erosion model was parameterized 

with information from an experimental INIFAP basin located in the municipality of San Luis of 

Cordero, Durango. The results indicate that the average annual rate of soil loss is 0.44 mm year-1, 

for which it was considered a critical rate of soil loss of 10 mm year-1. With that initial rate, the 

range would reach its maximum allowable rate in 19 years. This study analyzes the behavior of the 

model parameters from where other soil loss scenarios were tested where the maximum permissible 

rate is reached at different times. 
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Introduction 
 

Soil losses in watersheds is a recurring problem in hydrological studies faced by natural resource 

users and the researchers themselves. These losses have effects in situ and ex situ of the affected 

basins. In situ problems include the loss of soil structure, the decrease of soil organic matter and 

nutrients, and the reduction of water availability in the soil (Brooks et al., 2012). Ex situ effects 

increase the transport of sediments and the loss of nutrients such as nitrogen and phosphorus that 

are adhered to eroded soil particles deposited in the drainage network of the basins, below where 

the problem arises. 

 

The increase of sediment in the drainage network of the basins reduces the transport capacity and 

reduces the quality of the water that drains downstream where it is used for different uses (Ffolliot 

et al., 2013). Also, the loss of soil due to water erosion is the main factor that limits the productivity 

of soils that obstructs full production in agriculture (Obalum et al., 2012). Population growth and 

change in land use exacerbate the process along with high rainfall intensities, mainly in arid areas 

(FAO, 1995). 

 

The selection of the method for sizing or quantifying soil losses in watersheds is then of crucial 

importance (Wainwright and Mulligan, 2004). To estimate the process of soil erosion, several 

approaches have been proposed and currently there are several models for this purpose, which can 

be classified in different ways. According to Van der Knijff (2000), a subdivision can be made 

based on the time scale in which the model operates, so some models are designed to estimate soil 

losses in the long term and others to estimate erosion by event of rain. In this last category, you can 

find the Kineros2 model (Goodrich et al., 2012) and SWAT (Arnold et al., 2012). Another useful 

approach in the process of selecting the method to quantify erosion is between empirical models 

and physically based models (Sánchez, 2005). The optimal selection of a model must be based on 

the answer to the questions: What do you want to do? With what level of precision and scale? and 

What is the information available? If you omit this, you run the risk of over or under using the 

capabilities of the different simulation models. 

 

Materials and methods 
 

The analysis of this work is based on the growth equation proposed by Malthus and described by 

Pearl and Reed (1920). The differential equation described is: 

 

dN

dt
= rN 1) 

 

Where: N is the population and 't' is time. The differential equation establishes that the variation of 

the population through time is proportional to the same population; that is, if the population is large 

then its variation in time will also be large. Equation 1 is separable in mathematical terms and its 

solution consists of grouping similar terms on one side of equality and the remaining on the other; 

so equation 1 is translated into equation 2 by dividing everything between 'N' (what the term 'N' 

disappears from the right side of equality) and multiplying by 'dt' (what disappears the 'dt' from the 

left side of equality: 
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1

N
dN= rdt 2) 

 

Obtaining the anti-derivative (integrating) of equation 2 we obtain: 

 

∫
1

N
dN= ∫ rdt= ln|N| = rt+c 3) 

 

Where: 

 

N= ert+c= ert ec= ert C 4) 

 

Assuming that the population will never be negative, then the absolute value of N disappears; so 

also, eC is an arbitrary constant ‘C’. In this way, equation 4 is the solution to the differential 

equation 1. In this equation, ‘r’ is the population growth rate. 

 

In terms of soil erosion, equation 4 can be valid as long as the soil loss is below a maximum value 

(K) dictated by the depth of the soil; that is, at this point, there would be no loss of soil since it 

would have been completely exhausted. The constant ‘C’ of equation 4 can be seen as the initial 

loss of soil at time ‘0’ [N(0)] ; so if t= 0 when replacing this value in that equation, it turns out that 

N(0)= 0= C since e0 =1. 

 

After the work of Malthus, Verhults (1845); Bacaer (2011) proposed a growth equation implying 

that population growth could not be exponential, since it would reach a limit where the ecosystem 

could no longer maintain it and at that point it would become asymptotic at the time. The 

differential equation proposed by Verhults is: (Wlofram, 2002; Skoldberg, 2012). 

 

dN

dt
= rN (1-

N

K
) 5) 

 

According to Thornes (2004), this differential equation can be used for the modeling of the 

erosion process when an initial soil loss or loss and the upper limit of maximum erosion are 

known, after which the productivity of the crops decreases. The rational use of the logistic 

function can be summarized in that the more erosion there is, the more erosion there will be. 

This process begins slowly, then acquires an exponential behavior, then decrease until reaching 

an equilibrium. The cyclicity of this process (positive feedback) occurs because thin soils 

produce more runoff; therefore, more erosion and consequently thinner soils. The rate of 

erosion is eventually reduced as more soil has been removed. This reduction occurs mainly 

because the deeper soil horizons are denser and have a higher stony content. Finally, when 

there is no longer soil, no more erosion can occur, so the maximum loss of soil that can be 

reached is given by its depth. 

 

 

 



Rev. Mex. Cienc. Agríc.   vol. 9  num. 6   August 14 - September 27, 2018 
 

1112 

The term (1‒
𝑁

𝐾
) of equation 5 can be reasoned as follows: Let ‘N’ be the initial value of the erosion 

(it can be rate or it can be volume) and ‘K’ the maximum value of soil loss; then when the initial 

erosion (N) is close to 0, soil erosion can be described by equation 4; on the other hand, if the 

erosion approaches the maximum value ‘K’, then the erosion is 0 given that there would be no 

more soil to erode and it constitutes the asymptotic part of the upper dashed line of Figure 1. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1. Graphical solution to the differential equations 4 (continuous line) and 5 (dashed 

line) for the erosion process. 
 

The equation 5 is a separable differential equation, so (Gershenfeld, 1999; Stewart, 1996): 

 

dN
dt

N (1-
N
K

)
=r=

1

N (1-
N
K

)
 
dN

dt
 6) 

 

The equation 6 can be integrated using the partial fraction expansion solution scheme: 

 

A

N
+

B

1-
N
K

=
1

N (1-
N
K

)
 7) 

 

Where: 

 

A-A
N

K
+NB= 

1

N(1-
N

K
)
 8) 
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By the method of coefficient equalization, it have that A= 1 and B= 
1

𝐾
; thus substitute these values 

in equation 6, leaving: 

 

(
1

N
+

1
K

1-
N
K

)  
dN

dt
= r 9) 

 

Expanding equation 9 and integrating, it results: 

 

∫
1

N

dN

dt
+ ∫

1
K

1-
N
K

dN

dt
= ∫ r 10) 

 

 
 

ln|N| - ln |1-
N

k
| +C= rt +C 11) 

 

In the numerator on the right side of the equality + 0N is added so the coefficients of N on the left 

side are equal to that on the right side; so then 
A

K
 and B= 0 and A= 1; the value of A is substituted, 

leaving  
-1

K
+B= 0, so B =  

1

K
. 

 

If it is assumed that soil erosion is not negative and moves in the range 0< N (t)< K, then the 

operand of the absolute value disappears leaving: 

 

ln(N) - ln (1-
N

K
) = rt+c 12) 

 

According to the properties of the logarithms we obtain: 

 

ln (
N

1-
N
K

) = rt+C 13) 

 

Obtaining the natural logarithm on both sides of equality: 

 

N

1-
N
K

=ert+c= ert ec= ert C 14) 
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Solving for N by taking the reciprocal of equation 14: 

 

1-
N
K

N
= Ce-rt= 

1

N
-

1

K
 

15) 

 

Adding 
1

K
  on both sides of the equality is: 

 

1

N
= Ce-rt + 

1

K
 16) 

 

Taking the reciprocal from both sides you have to: 

 

N(t)= 
1

Ce-rt+
1
K

 18) 

 

Assuming that erosion at time 0 is N0, then at time 0: 

 

N(0)=
1

C+
1
K

 19) 

 

Taking the reciprocal of equation 19 we have: 

 

C+
1

K
= 

1

N0

 20) 

 

Where: 

 

C= 
1

N0

-
1

K
 21) 

 

Substituting the value of the constant ‘C’ in equation 18: 

 

N(t)= 
1

(
1

N0
-
1
k

) e-rt + 
1
K

 
22) 

 

Reducing terms you have to multiply numerator and denominator by N0K. 

 

N(t)=
N0K

(K-N0)e-rt + N0

 23) 
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Equation 23 is the solution to the differential equation 5. er(0)= 1. 
 

Parameterization of the logistic model 

 

The logistic model of erosion (equation 23) considers three parameters in its structure: the rate of 

erosion ‘r’, the initial state of erosion (No) and the maximum erosion or maximum erosion limit 

(K) (Figure 1). 

 

The model operates on any time scale ‘t’, for the case of erosion and in order to obtain an 

objective assessment of what the loss of soil in some locality might be, the annual scale is 

recommended. So, to obtain the parameter ‘r’; it is necessary to have data of erosion field 

observed over time. For the experimental basin of the INIFAP in the municipality of San Luis 

of Cordero, an annual soil loss of 0.33 mm (r) has been estimated. The characteristics of the 

basin are shown in Figure 2 and Table 1. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Figure 2. Parameters of the San Luis of Cordero basin, Durango. 

 

 

Table 1. Components of the surface state in the experimental basin. 

Coverage (%) 

Rock 26.85 

Soil 52.4 

MO 4.44 

Vegetation 15.92 

 

The parameter ‘K’, can be established as the maximum rate of soil loss that can be accepted in a 

conservationally sized temporary survey. In the case of the basin mentioned above, it is estimated 

that the loss of soil should not exceed 10 mm in order not to reduce the productive capacity of wild 

flora, which includes native grasses, since it is the main source of entry to localities by cattle grazing. 

Basic parameters                                  Quantity          Unity  

Area of the basin (A) 1.58 km 2 

Perimeter of the basin (P) 6.11 km 

Length of the basin (L) 2.44 km 

Length of the main channel (L p ) 1.46 km 

Initial elevation of the main channel 1550 masl 

Final elevation of the main channel 1495 masl 

Total length of channels (L t ) 2.41 km 

Basin width (w) 

0.65 km w= A/L 
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Loss of productivity 

 

The differential equation 5, counts the time in which a certain amount of soil would be lost 

according to the erosion rate and the maximum limit imposed. This reduction in available amount 

of soil directly impacts the productivity of crops in arid zones. 

 

In temporary zones, crop yields are strongly associated with the presence of climatic events 

(random nature) for their optimal development; thus, the erosion process follows the same 

variations as rainfall. Hence, it is pertinent to visualize the productivity of soils as a consequence 

of climatic factors (Sánchez, 1995). 

 

According to Todorovic et al. (1987), the relation between the yield of a crop in a given year (Yn) 

and the yield of the same crop under a soil subjected to erosion (Xn), is given by: 

 

Xn= Yn [a + 
(1-a)dn

D
] ; dn< D 24) 

 

In the above equation, the parameter ‘a’ is  
Xn

Yn
,  dn is the available soil and ‘D’ is the thickness of 

the upper or arable layer. The rate of soil loss would be given by: 

 

r= 
e

D
 25) 

 

Where: ‘e’ is the annual loss of land. So then, the available floor ‘dn’ will be degraded according 

to: 

 

dn= D(1-r)
n
 26) 

 

In the above equation ‘n’ indicates the year number. If equation 26 is substituted in equation 24, 

we have: 

 

Xn= Yn[a + (1-a)(1-r)
n] 27) 

 

The above equation quantifies the Xn yield that would be expected in the nth year under a constant 

erosion rate ‘r’ and based on the expected Yn crop yield. 

 

Randomness of performance 

 

As has been established, the randomness of crop yields in rainfed areas strictly follows the 

randomness of rainfall. Considering performance varies randomly with μ mean and standard 

deviation σ can be generated then stochastically crop yields as: 

 

Yn= μ + σz 28) 
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Being z: 

 

z= [-2ln(rnd1)]0.5cos[2π(rnd2)] 29) 

 

Where: rnd1, 2  are random numbers with μ= 0 and σ= 1. 

 

Parameterization of the productivity model 

 

The parameter ‘a’ of equation 27 is the quotient between crop yield under non-erosion conditions 

(naturally preserved soil, Xn) and crop yield under eroded soil. These values can be obtained from 

empirical experience or resort to literature in the context. Thus, Table 2 shows guide values to 

obtain this value. 

 
Table 2. Reduction of the yield in the corn crop due to the loss of soil (Mokma and Siez, 1992). 

Degree of erosion Average performance (t ha-1) 

Light 7.34 

Moderate 7.09 

Severe 5.83 

 

Other authors such as Mbagwu (1988) obtained functional relationships between maize crop yield 

and soil erosion in plots with induced erosion. For the first year of study he found: 

 

Ya = 33.2761e−0.1621x with R2= 0.998 and for the second: Yb = 11.6116e−0.1489x with R2= 0.985. 

In these regressions ‘x’ is the soil erosion expressed in cm and Ya, Yb are the annual yields 

(t ha-1). 

 

For the quantification of the parameter ‘r’, it is necessary to establish the thickness of the soil 

layer that is interesting to conserve (D), usually this can be defined by the arable layer (in 

seasonal and irrigation agriculture) or that layer capable of being eroded more easily in 

pastures. On the other hand, the parameter ‘e’ of equation 25 is the current erosion rate: for 

example, as already noted, in the experimental basin of INIFAP in the municipality of San Luis 

of Cordero, Durango, the observed rate of erosion during 2016, in three events is 0.44 mm year -

1 on average. The previous thing after analyzing the sedigrams (variation of the solids in 

suspension in the time measured in the runoff), product of rainy events (Figure 3).  

 

However, given the lack of this value, the model can be manipulated with different erosion 

rates and soil depths to verify what would be the loss in productivity of the crop in different 

management scenarios. 
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Figure 3. Sampling to determine the concentration of suspended solids in a runoff event during 

August 2016. INIFAP experimental basin, San Luis of Cordero, Durango. 

 

 

Results and discussion 
 

With the information of the experimental basin described above with an initial erosion rate of 

0.33 mm year-1 and presetting a maximum permissible rate of 10 mm year-1, using equation 23 

which is the numerical solution of the differential equation 5, If the erosion rate remains 

constant over time, the soil will have reached its maximum allowable in a period of 20 years 

(upper part of Figure 4) with an impact on the productivity of the corn crop going from 4.5 t 

ha-1 to 2.5 t ha-1 (bottom of Figure 4). 

 

On the other hand, if the rate of soil loss is 10 mm year -1, then productivity would fall to 1.2 t 

ha-1. The time series that indicates the lower part of Figure 4 was obtained by means of 

equations 24 and 25 in a simulation process of one hundred years for two erosion rates 0.33 

and 10 mm year-1. Based on the above, a computer program was generated, codified in Fortran 

90, to systematize this process by randomizing the production of the corn crop (equations 28 

and 29). 
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Figure 4. Model assembly. Logistic model for the prediction of abatement of soil depth by erosion (A) 

and time series of loss of soil productivity and its impact on maize crop yield (B). 

 

The loss of productivity is a reflection of the loss of soil depth with the consequent reduction in 

moisture retention and fertility. 

 

Analysis of model parameters 

 

Once the parameters of the differential equation have been obtained, estimates of soil loss and 

productivity can be made under different management scenarios. Figure 5 presents the form of the 

solution of the differential equation when considering different initial rates of erosion (N0= 0.1, 0.4 

and 2) keeping the rate of erosion constant over time (r= 0.44). 
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Figure 5. Variation of soil loss considering different initial erosion rates (parameter N0 of equation 

23). 

 

From Figure 5 the importance of the initial erosion rate in the degradation of the soil circumscribed 

in time can be appreciated. For the case of the INIFAP experimental basin, in case this erosion rate 

is maintained (0.44 mm of soil lost per year), in a period not exceeding 20 years the 10 mm of soil 

that was imposed on the soil would have been eroded. The basin as permissible. The graph shows 

the amount of soil that would be lost over a period of nine years for different initial erosion rates, 

for the case of the experimental basin, the loss would be 6 mm of soil. 

 

 

 

 

 

 

 

 

 

 

 

 

 
Figure 6. Variation of soil loss considering different erosion rates (parameter ‘r’ of equation 23) with 

constant initial rate. 

 

Figure 6 shows the impact of the erosion rate on time (r) in the form of the solution of the 

differential equation 5, thus the higher the erosion rate (r= 4 mm year-1), the faster it will be reached 

the allowable limit of soil loss for the study basin. 

 

Both the Malthusian exponential model and the Verhults Logistic model (Figure 1) assume that the 

erosion rate is proportional to the magnitude of the problem (greater erosion drivers, assumes a 

higher rate of erosion, this is the basic assumption for the solution of the differential equation that 
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defines the phenomenon). However, the logistic model also assumes that erosion depends on the 

availability of soil (parameter 1-
N

K
  of equation 5), so that exponential growth is limited to low soil 

availability. When the depth of soil susceptible to being eroded disappears, then the erosion rate is 

reduced to zero, reaching a stable condition, situating itself in its erodable capacity (K). 

 

Conclusions 
 

A logistic differential equation is proposed for the projection of soil loss due to water erosion. The 

result of erosion, is used to quantify the impact on the productivity of the corn crop in areas with 

deficient weather subject to the erosion process. Although, according to the literature, the logistic 

equation has not been widely used to explain the erosion process, on this occasion it is presented 

as an option for this objective in strict adherence to the assumptions of the model and in the 

geometry presented by the functions of soil erosion in the field. The model considers three 

parameters that can be quantified with information measured directly in the field or, as a first 

approximation, with data from literature. Its use is recommended when availability and information 

is scarce and it is desired to have an appreciation of the impact of soil loss on the productivity of 

pastures and/or annual crops. 
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